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SUMMARY 
The non l i nea r  d i sc re te - vo r t ex  methud  has been extended t o  t r e a t  t h e  problem o f  
asymmetric flows pas t  a  wing w i t h  leading-edge separat ion,  i n c l u d i n g  steady and unsteady 
f l ows .  The problem i s  formulated i n  terms of a body- f i xed  frame of referencg and t h e  
non l i nea r  d i sc re te - vo r t ex  method i s  mod i f i ed  accord ing ly ,  Al though t h e  method i s  general ,  
o n l y  examples o f  f l ows  pas t  d e l t a  wings are presented due t o  t h e  a v a i l a b i l i t y  o f  expe r i -  
mental data as we71 as approximate t h e o r i e s .  Comparison o f  our  r e s u l t s  wifh the  expe r i -  
mental r e s u l t s  o f  Harvey f o r  a d e l t a  wing undergo ing a s teady r o l l i n q  " lo t ion a t  zero 
ang le  a f  a t t a c k  demonstrates t h e  s u r e r i o r i t y  o f  the presen t  method over  e x i s t i n g  appro- 
ximate t heo r i es  i n  o b t a i n i n g  h i g h l y  accura te  loads. Numerical r e s u l t s  f o r  yawed wings 
a t  l a r g e  angles o f  a t t a c k  are a l s o  presented, In a l l  cases, t o t a l - l o a d  c o e f f i c i e n t s ,  
pressure d i s t r i b u t i o n s  and shapes o f  the f r e e - v o r t e x  sheets are shown. 
L IST  OF SYMBOLS 
-
AR aspect r a t i o  
b(x) local half  span 
x r o l l  ing-moment coeff ic ient  .. 
C~ pressure coeff ic ient  
A C ~  net pressure coeff ic ient  (C PI - C P 2 )  
root  chord 
A% w ing ie t  root chord, a character is t ic  length 
em u n i t  vector in the direction of the freestream velocity 
---  
i , j , k  u n i t  vectors of wing-fixed f r ame  of reference 
R length o f  a vortex segment 
n - to ta l  number of vortex segments of the model 
nb u n i t  normal t o  t h e  wing surface -
- 
w u n i t  normal t o  the wake surface 
- 
ri p o s i t i o n  vector of a f i e l d  p o i n t  S I T )  wing surface 
t - dimensionless t ime  
Urn freestream velocity 
w(r,t) wakesurface 
X,Y¶z wing-fixed frame of reference 
a,a angle of at tack and ra te  of p i t ch  
8,8 angle of yaw and ra te  of yaw 
Y IY angle  o f  ro l l  and rate of roll 
- 
w a n g u l a r  velocity o f  wing 
n frequency of ro l l  ing velocity 
@ disturbance velocity potential 
Subscripts 
i sourcepoint  
j f i e l d p o i n t  
k time-step number 
L E  leading edge 
TE t r a j l i n g  edge 
.t. tangent 
I .  INTRODUCTION 
In recent years, development of  analytical and numerical methods for predicting 
the aerodynamic characteristics o f  wings exhi biting leading-edge and/or w i n g - t i p  
separation has received considerable attention. The 1 i terature contains several 
analytical methods which are based on simp1 ifying assumptions. These include the  assun~ption 
that the f l a w  i s  conical and the assumption t h a t  t he  a x i a l  gradients are muct.~ smaller 
t h a n  the lateral  gradients of the flow properties (slender-body theory). These assump- 
tions represent inaccurate model1 ing o f  t h e  full three-dimensional flow and violate t h e  
trailinq-edge Kut t a  condition. Methods o f  t h i s  type were presented by Brown and Michael1, 
Mangler and Smi t hZa  and Smith3.  
With the advent o f  h i g h  speed computers, new techniques which avoid these simp1 i f y -  
ing assumptions were developed. The nonl inear, discrete-vartex technique i s  among 
those successful techniques capable o f  calculating full  three-diniensional flows. With 
t h f  s technique, the exact  governing equation and the corresponding boundary conditions 
are sa t i s f ied  and hence the solution o f  the inviscid problem i s  exact in that sense. It 
i s  not restricted by the shape of the wing planforn~ or the  range of angle  o f  a t t ack  as  
long as vortex breakdown does no t  occur i n  the vicinity o f  the wing ( s t a l l  phenomerlan of 
wings of low-aspect r a t io ) .  However, the separation line i s  assumed to be known a  
priori along the sharp edges o f  the wing. Methods of this type were developed for 
steady symmetric flows by Belotserkovskii4, RehbachSy ', Kandi17, Kandil , llook and 
NayfehB- ' . 
Due t o  the accuracy and simplicity of the nonlinear discrete-vortex technique, i t  
was extended t o  t r e a t  unsteady symmetric flows by Belotserkovskii and Nisht12, AttaI3, 
A t t a ,  Kandil , Mook and Nayfeh '+'15. The source o f  unsteadiness i n  t he  f l o w  may be 
general, e. g.  a sudden translational acceleration of the wing12, a gus t  wind which 
changes the wing angle o f  , or an oscil latory pitching motion o f  the wing". 
The method i s  characterized by i t s  capability of obtaining the transient as we71 as the  
steady-state aerodynamic characteristics o f  t he  wing. The technique was also extended 
by Kandil , Mook, and Nayfehl t o  t r ea t  steady asymmetric flows past a large aspect - ra t io  
rectangular wing. This case i s  a simulation o f  the problem o f  aerodynamic interference 
which ar i ses  when a small a i r c r a f t  penetrates the wake of a large a i rc raf t .  Although 
the authors didn't  account for the wing-tip separation of the t ra i l ing  wing (due t o  i t s  
large aspect ra t io) ,  they d i d  account for  the wing-tip separation of the leading wing. 
In the present paper, t h i s  technique is applied t o  steady and unsteady asymmetric 
f l o w s  past highly swept-back wings with sharp-edges. Delta wings are chosen as numeri- 
cal examples due t o  the avai labi l i ty  o f  experimental and theoretical results.  Another 
reason for  th i s  choice i s  t h a t  i t  represents a severe numerical test  o f  t he  technique 
owing to the presence of the vartical spiral  cones which emanate from the leading edges 
and extend over a large portion of the wing surface. Moreover, the free-vortex surfaces 
are represented by a ser ies  o f  segmented vortex l ines which approach the bound-vortex 
1 a t t i ce  representing the wing surface d u r i n g  the  development of the  numerical solution. 
Hence, strong singular? t i e s  rnay ar ise  due t o  the interaction of close v o r t e x  lines and 
therefore safeguards m u s t  be imposed to  el iminate such s i  n g u l  ar i  t i e s .  
The problem of steady asymme,tric f l o w s  was treated ear l ie r  by Pullinl 7, Hanin and 
Mishnels,  ones'', and Cohen and Nimri2*. Specifically, the steady f l o w  past a yawed 
slender delta wing was considered in references 17 and 19 while the flow pas t  a slender 
delta wing roll ing steadily was considered in references 18 and 20. These tlieories are 
based primarily on the  approximations of slender-body theor-y. The method o f  Brown and 
Michael was extended for  the rol l  ing while t h e  method of Mangler and Smith and 
the improved niethod of Smith were extended for the yawed wingI79l9. 
Therefore, w i t h  these approxim~tt tns as we1 1 as  the simp1 i f i ed  approximate model 1- 
i n g  of the vortex sheets shed from the leading edges, one may expect substantial  d i f fe r -  
ences between the predicted and the experimental r esu l t s .  In  f a c t ,  i n  a l l  asymmetric 
resu l t s  of these theories substantial  e r ro rs  ex i s t  i n  predicting the suction peak of the 
pressure near the leading edges. This was the case on the receding face o f  a ro l l ing  
delta wing a t  zero angle of at tack as reported i n  references 18 and 20,  For the case o f  
a yawed wing a t  high angle of a t tack,  large e r ro rs  were reported in predicting the 
suction peak o f  the pressure on the windward s ide  of the In the l a t t e r  case 
t he  errors  were at t r ibuted t o  the substantial  secondary separation which develops due t o  
the adverse pressure gradients on the windward side o f  the wing. 
From our point of view, t h i s  i s  only one portion o f  the cause because as  i t  i s  
well-known the  problem of secondary separation i s  a viscous phenomenon and i t  cannot be 
treated by an inviscid model. The other portion of t l l ~  cause i s  in f a c t  the modelling 
of the separated flow and the slender-body assumption . Moreover, on the leeward s ide  
of the wing, the core o f  the primary vortex moves outboard as the angle o f  yaw i s  in- 
creased. Hence the suction peak on t h i s  s ide  disappears and so does the adverse pres- 
sure gradients.  Thus, secondary separation diminishes and one can expect an invi scid 
three-dimensional model t o  yie ld  highly accurate r e su l t s  on the leeward side.  
On the  experimental s ide ,   ink" and ~ a r v e y ~ ~  considered steady flows over yawed 
slender-del t a  wings. Later, Harveyz3 considered flows over a s t ead i ly  ro l l ing de l t a  
wing. Pressure d i s t r ibu t ions ,  local roll ing-moment coeff ic ients ,  local normal-force 
coeff ic ients ,  to ta l  -1 oad coeff ic ients  and positions of the vortex cores were reported i n  
these experiments. These da ta  are used by many i n v ~ s t i g a t o r s  f o r  checking the accuracy 
of the i r  theor ies .  In the  present paper, we a lso  consider the same data t o  check our 
resul ts  for steady asymmetric flows. We a l so  compare our r e su l t s  with available approx- 
imate theor ies .  The method i s  a lso  extended t o  the problem of unsteady asymmetric flows 
past a r o l l i ng  wing. 
11. FORMULATION OF THE PROBLEM 
We consider a thin delta wing in a uniform stream and l e t  be the  free stream 
m 
velocity and oxyz be a wing-fixed frame o f  reference. The wing edges l i e  in the xy- 
plane, the x-axis bisects i t s  apex angle and t h e  xz-plane i s  i t s  plane of symmetry. 
Euler's angles a ,  B and y are used to  define t h e  angle of attack, the angle of yaw and 
the a n g l e  of roll of the wing, respectively, see Figure 1 .  To construct these angles in 
this order, we s t a r t  from a position where urn is  parallel t o  the x-axis and successively 
allow for  t h g  positive rotations a,B,y about the y,t, and x axes, respectively. The 
u n i t  v e c t o r  em i n  the direction o f  the freestream velocity i s  expressed in terms of 
these angles and the base u n i t  vectors r~ '  the fixed-frame of reference by 
- 
e, = coscl c o s ~ T  + (sina siny - cosrx s inB cosy)J + fsincr cosy +- cosa sinR siny)x { I  1) 
Next, we assume that  the wing is  r o t a t i n g  w i t h  an angular velocity which can be express- 
ed i n  terms of' Euler's angles and their  rates flf change ; s 
= (& sinB + +)7 +- ((;1 cosB cosy -+ fi s.;ny)f -t ( - t i  bo:ii; slay + b cosy)E ( 2 )  
The f l u i d  flow i s  assumed t o  be ideal .  Thc ass i~pt io t i  t h a t  the wing edg ls  are 
sharp f i x e s  the separation l ines along these ~ i J . r ~ e s .  Vorticity i s  shed from these edges 
in the form of free surfaces of tangential d i ~ c ~ ~ ~ i n u i , i y  (free-vortex sheets).  Moreover, 
the flow i s  assumed to  be irrotational i n  the region R sxterior La the  wing and i t s  
free-vortex sheets. Accordingly, the  flow i n  R i s  guverned by Laplacets equation 
where $(F, t )  i s  the disturbance potential. On the  boundary a R ,  @ sa t i s f ies  the following 
boundary conditions. The flow must be tangent t o  the wing surface; that  i s ,  
where % = vS/ IvSI i s  the u n i t  normal t o  t h e  wing surface S. The  pressure i s  continuous 
and no flow e x i s t s  across the f r e e - v o r t e x  sheets; these dynamic and kinematic conditions 
yi el d 
where t he  subscripts 1 and-2 refer t o  the upper and lower surfaces of the free-vortex 
sheets, respectively, and n, = V W / ~ V W \  i s  the u n i t  normal to  the f ree-vor tex sheets. 
The Kutta condition must be sat isf ied along t h e  edges of separation, that  i s  the flow 
leaves smoothly off  the edges and the pressure i s  continuous across these edges. These 
are expressed by 
a n d  
Far from t h e  wing and i t s  f ree-vor tex  sheets, the disturbance velocity vanishes; that is, 
The complexity of the problem stems from the boundary conditions (5) and (6). These 
conditions are to be satisfied at the free-vortex sheets w(r,t) which are unknowns o f  the 
problem. In f ac t ,  both w ( r , t )  and $ ( r , t )  are dependent upon each o the r  and hence a 
nurne?tCical zalution is fruitful f o r  t h i s  situation. I n  the next sect ion, we discuss the 
mcthod o f  s u l u t i o n  of t h e  steady problem and describe its extension to the unsteady 
proSlem, 
111. METHOD OF SOLUTION 
1. Non l inear  D isc re te -Vor tex  Method f o r  t h e  Steady Problem 
The method o f  s o l u t i o n  o f  t h e  steady asymmetric f l o w  i s  ob ta ined  by g e n e r a l i z i n g  
t h e  approach o f  Kandi17 and Kand i l  , Mook and Nayfeh8 f o r  t he  s t e a d y  symmetric f l ow .  For 
t h e  sake o f  completeness, we o u t l i n e  t h e  bas ic  approach and then describe the  g e n e r a l i z a t i o n  
t o  the c u r r e n t  problem. 
I n  t h e  bas i c  approach o f  t h e  l i f t i n g  problem, a  l i f t i n g  su r face  may be rep laced  by 
bound-vortex sheet w i t h  unknown s t reng th .  The v e l o c i t y  p o t e n t i a l  o f  t h i s  sheet  s a t i s -  
' ies  equa t ion  (3 )  i n  R and t h e  boundary c o n d i t i o n  ( 9 ) .  Furthermore, t h i s  cont inuous 
vo r t ex  sheet  can be a c c u r a t e l y  approximated by a l a t t i c e  o f  bound-vortex f i l a m e n t s  w i t h  
unknown c i r c u l a t i o n s  (bound-vortex 1  a t t i c e )  p rov i ded  i t  i s  cons t ruc ted  ni t h i n  c e r t a i n  
r u l e s .  T h i s  p o i n t  w i l l  be undertaken l a t e r  i n  d e t a i l  i n  t h e  nex t  sec t i on .  
Along t h e  edges o f  separa t ion  no bound-vortex segments a re  placed; o therwise t h e  
Ku t t a  cond i t i on ,  equat ion (81, w i l l  be p a r t i a l l y  v i o l a t e d .  A t  t h e s e  edges, t h e  s t a r t i n g  
vo r t ex  i s  shed and convected w i t h  t h e  l o c a l  v e l o c i t y  and i n  a steady f l o w  no more vo r -  
t i c e s  a re  shed t he rea f t e r ,  Accord ing t o  t h e  theorem of s p a t i a l  conservat ion o f  c i r c u -  
l a t i o n  ( K e l v i n ' s  theorem), t he  ends o f  the  bound-vortex l a t t i c e  1 ines  c l o s e s t  t o  t he  
edges a re  connected t o  v o r t e x  l i n e s  which extend downstream t o  i n f i n i t y  where t h e  s t a r t -  
i n g  vo r t ex  i s  assutned t o  be. These vo r t ex  l i n e s  a r e  c a l l e d  f r ee - vo r t ex  l i n e s  and repre -  
sent  t he  f r ee - vo r t ex  sheet  w(r). So f a r ,  t h e  model s a t i s f i e s  equat ions ( 3 )  and (9 )  and 
p a r t i a l l y  s a t i s f i e s  the  Ku t t a  cond i t i on .  
For  s teady  symmetric f l ows ,  gquat ions (4 )  - (8)  immediately y i e l d  t he  cor responding 
boundary c o n d i t i o n s  upon s e t t i n g  w = 0 and dropping t h e  time-dependent terins w h i l e  
equat ion (1)  y i e l d s  t h e  cor responding f r e e  stream v e l o c i t y  upon s e t t i n g  i3 = y = 0. With 
t h e  d i s c r e t e  method, the r e s u l t i n g  equat ions a re  s a t i s f i e d  a t  c e r t a i n  p o i n t s  on t h e  
known su r f ace  ~ ( r )  and t h e  s t i l l  unknown sur face  WIT). Th i s  i s  achieved by successive 
i t e r a t i v e  cyc l es .  I n  t h e  f i r s t  s t ep  o f  t h e  cyc le ,  we s a t i s f y  t h e  f l o w  tangency c o n d i t i o n  
on ~ ( r )  w i t h an assumed sur face  w f r )  t o  f i n d  a  c i r c u l a t i o n  d i s t r i b u t i o n  T. I n  t h e  r lex t  
step, we s a t i s f y  the k ingmat i c  and dynamic boundary cond i t i ons  on w ( r )  by us i ng  t h e  r- 
d i s t r i b u t i o n  and f i n d  w ( r ) .  These cyc les  a re  repeated u n t i l  t h e  I' d i s t r i b u t i o n  o r  w(r) 
do no t  change w i t h i n  c e r t a i n  p resc r i bed  to le rances .  The Ku t t a  c o n d i t i o n  i s  then s a t i s -  
f i e d  auton ia t ica l  l y .  
For s teady  asymmetric f lows,  equat ions (4 )  - (8)  a l s o  y i e l d  t h e  cor responding 
boundary c o n d i t i o n s  upon dropping t he  t ime  dependent terms. Now, t o  o b t a i n  a s teady f l o w  
i t  is-a necessary cond i t i on ,  a l though  n o t  s u f f i c i e n t ,  t h a t  t h e  angular  v e l o c i t y  o f  t h e  
wing w be un i fo rm.  Moreover, t he  magnitude and d i r e c t i o n  o f  w as we11 as t h e  o r i e n t a t i o n  
o f  the wing w i t h  respec t  t o  (as  de f i ned  by a,~,y) must have values such t h a t  no t ime-  
dependent d is tu rbance  i s  generated i n  t h e  f l o w .  For a t h i n  f l a t  wing w i t h  w = 0 (& = b = :f = O ) ,  n o n t r i v i a l ,  steady, asymmetric f l ows  occur  i n  t h r e e  cases. F i r s t ,  y = 0 and 
t h e  f r e e  s t ream v e l o c i t y  i s  g iven  by 
Th i s  case represen ts  t h e  s teady f low pas t  a  yawed wing a t  an angle  o f  a t t ack .  It was 
cons idered i n  references 17, 19, and 22. Second, 6 = 0 and t h e  f r e e  stream v e l o c i t y  i s  
g i  vcn by 
- 
em = cosa + sina s i n y  3 + s i n a  cosy K ( l o b 1  
T h i s  case represen ts  a steady f low p a s t  a wing a t  a  bank ing angle  and an angle OF a t t ack .  
Th i r d ,  a = 0 and t h e  f r e e  stream v e l o c i t y  i s  g iven  by 
- 
em = cosy j ' r  - s i n 6  cosy 3 + s inB s i n y  % 
T h i s  case represen ts  a  steady f l o w  pas t  a yawed wing a t  a banking angle.  Fourth,  when 
a1 1 t he  angles a,B, and y a re  d i f f e r e n t  f r om  zero and the  f r e e  stream v e l o c i t y  t's g i ven  
by c ~ ~ ~ a t i o n  ('4 ) .  A1 1 t he  cases cons idered above can be t r e a t e d  by t h e  vo r t ex  l a t t i c e  
m!?t.tiod a s  r epo r t ed  i n  re fe rences  7-10. 
1 t h e  angular  v e l o c i t y  G i s  ? o t  $qua1 to- zero, t h e r e  are s t i l l  two cases where 
t he  1'10~ i s  ; :eady. F i r s t ,  a = = cr = 6 = 0, w = y i  and t h e  f r e e  stream v e l o c i t y  i s  
giv-!ri ay 
Th i s  case represen ts  a  s t e a d i l y  r o l l i n g  wing about i t s  x -ax i s  a t  a.zero angle  o f  a t t a c k .  
I t+was cons idered i n  re fe rences  18, 20, and 23. Second, R = y = n = 0, w = +T + kFil, t a n u  
= B/+ and t h e  f ree  stream v e l o c i t y  i s  g i ven  by 
- 
= cosa 7 + s i n a  P (lib) 
Th i s  case represen ts  a  s t e a d i l y  r o l l  i n g  wing about t h e  wind a x i s  a t  an angle  o f  a t t a c k .  
We can e a s i l y  see t h a t  the f i r s t  case i s  a spec ia l  case o f  t h e  p resen t  one. Th i s  case was 
cons idered i n  re fe rence  20. 
When a p p l y i ~ g  t he  steady ve rs i on  o f  the  d i s c r e t e - v o r t e x  method t o  t he  l a s t  two 
cases, one must use a w ing - f i xed  frame o f  re ference;  o therwise,  t he  f l o w  would no l onge r  
be steady. 
2,  Non l inear  D i  sc re te -Vor tex  Method f o r  t h e  Unsteady-Flow Prob l  e 1  
The method o f  s o l u t i o n  f o r  unsteady asymmetric f l ows  i s  ob ta ined  by g e n e r a l i z i n g  t h e  
approach o f  A t t a13  and A t t a ,  Kand i l ,  Mook and Nayfeh1lf ' l  f o r  unsteady symmetric f l ows .  
I n  these re ferences,  a space- f ixed frame o f  re fe rence  was used, the v j n g  was teker! tc! be 
f i xed  i n  t h e  f low,  and t h e  source o f  ~ n s t e a d i n e s s  was i n t r oduced  through t h e  f r e e  stream 
v e l o c i t y .  I n  t h e  p resen t  paper, a w ~ n g - f i x e d  frame o f  r e fe rence  i s  used, the  wing i s  
r o t a t i n g  a t  a nonuni form angu la r  v e l o c i t y  ~ ( t ) ,  and t h e  f r e e  stream v e l o c i t y  i s  uniform. 
I n  e i t h e r  case, t h e  bound c i r c u l a t i o n  around t h e  wing conti~uously changes and t h i s  
i s  accompanied by a cont inuous process o f  f o r n ~ a t i o n  and shedding o f  vor texes from t h e  
edges o f  separa t ion  t o  r e s t o r e  t h e  snot thness o f  t h e  f l o w  a t  t h e  edges (Ku t t a  c o n d i t i o n ) .  
W i t h i n  any i n f i n i t e s i m a l  t ime step, t h e  change i n  t h e  bound c i r c u l a t i o n  around t h e  wing 
i s  met by t h e  fo rmat ion  o f  an i n f i n i t e s i m a l  vo r t ex  s t r i p  emanating f rom an edge of 
separa t ion  which has a  s t r e n g t h  o f  equal and oppos i te  sense t o  t h e  change o f  t h e  bound 
c i r c u l a t i o n .  Th i s  shed v o r t e x  i s  convected downstream w i t h  the  l o c a l  p a r t i c l e  v e l o c i t y .  
Hence a v o r t e x  sheet i s  con t i nuous l y  growing downstream as l ong  as t h e  unsteadiness o f  
t h e  f l o w  p r e v a i l s .  
Now if t h e  cont inuous mot ion of t h e  wing i s  d i s c r e t i z e d  i n t o  a s e r i e s  o f  impulsive 
changes occur ing  a t  d i s c r e t e  time steps, t h e  con t i nuous l y  growing v o r t e x  sheet can be 
replaced by a growing v o r t e x  l a t t i c e  i n  t h e  wake. Th i s  i s  t h e  s a l i e n t  d i f f e r e n c e  between 
the unsteady and steady f l o w  models. A t  each t i m e  step, we so l ve  t h e  problem us ing  a 
method s i m i l a r  t o  t h a t  o f  t h e  steady f low.  Here, t h e  boundary cond i t i ons ,  equat ions 
( 4 )  - (8) ,  must be s a t i s f i e d  a t  each t ime  s tep .  I n  t h e  n e x t  sec t ion ,  we cons ids r  i n  
d e t a i l  t h e  implementat ion o f  t h i s  method. 
I V .  IMPLEMENTATION OF THE METHOD 
I .  Cons t ruc t i on  o f  t h e  D i  scre te-Vor tex Model 
I n  F i g u r e  2, we show how t h e  d i sc re te - vo r t ex  model i s  cons t ruc ted  f o r  a d e l t a  wing. 
A1 though t h e  example d iscussed here  i s  f o r  a t h i n ,  f l a t ,  d e l t a  wing, t h e  method i s  
gencral  and i s  n o t  r e s t r i c t e d  by t h e  geometr ica l  parameters o f  t h e  wing; e.g. camber, 
aspect o r  th i ckness  r a t i o s  o r  w'ing p l  anforni. 
The f i r s t  s tep  i s  t o  d i v i d e  t h e  wing i n t o  r ec tangu la r  and cropped-de l ta  w i n g l e t s  as 
shown by t h e  dashed 1  i n e s  i n  F i g u r e  2.a. A r ec tangu la r  w i n g l e t  i s  aerodynamica l ly  
represented by a spanwise bound-vortex segment o f  cons tan t  c i r c u l a t i o n  ri. Th i s  segment 
i s  placed a t  t h e  quar te r -chord  l e n g t h  o f  t h e  w i n g l e t  ( t h e  chord l e n g t h  o f  t h e  r ec tangu la r  
w i n g l e t  i s  t h e  c h a r a c t e r i s t i c  l e n g t h  o f  t h e  problem).  I n  a d d i t i o n  a c o n t r o l  p o i n t  i s  
p laced a t  t h e  t i i r ee  quar te r -chord  leng th .  The choice o f  these  p o s i t i o n s  i s  suggested by 
t h i n  a i r f o i l  theory2" .  I t  can be shown t h a t  the  bound-vortex sheet r ep resen t i ng  t h e  two- 
dimensional f l o w  around a f l a t  p l a t e  a t  an angle o f  a t t a c k  can be rep laced  by a  p o i n t  
vo r t ex  o f  t h e  same s t r e n g t h  as t h a t  o f  t he  cont inuous vo r t ex  sheet under t he  f o l l o w i n g  
cond i t i ons :  a )  t he  p o i n t  vo r t ex  i s  p laced a t  t he  quar te r -chord  l e n g t h  and b )  t h e  f l o w  
tangency c o n d i t i o n  i s  en fo rced  a t  o n l y  one p o i n t  a t  t h e  th ree-quar te r -chord  l eng th .  
On t h e  o t h e r  hand, a cropped-del ta w i n g l e t  i s  aeradynam?cal ly represented by a  
bound-vortex segment of cons tan t  c i r c u l a t i o n .  Th i s  vo r t ex  segment i s  d i r e c t e d  a long  t he  
perpend icu la r  f rom t h e  m idpo in t  o f  the  w i n g l e t  r o o t  chord t o  i t s  l ead ing  edge. Wi th  t h i s  
cho ice i t  can be seen t h a t  t h e  v o r t i c i t y  o f  t h i s  v o r t e x  segment does n o t  have a component 
a long t he  l e a d i n g  edge and hence t he  Ku t t a  c o n d i t i o n  i s  approx imate ly  s a t i s f i e d  a long 
t h i s  edge. 
Chordwise bound-vortex segments a r i s e  due t o  t h e  d i f f e r e n c e s  i n  the  s t r eng ths  o f  t h e  
ne ighbor ing  spanwi se, bound-vortex segments. I n  t h i s  way, a bound-vortex l a t t i c e  which 
rep laces t h e  cont inuous, bound-vortex sheet i s  const ructed.  The model i s  completed by 
adding f r ee -vo r t ex  l i n e s ,  r ep resen t i ng  t h e  cont inuous f r ee -vo r t ex  sheets a t  t h e  ends o f  
t h e  bound-vortex l a t t i c e  a long  t h e  edges o f  separa t ion  - the  l ead ing  and t r a i l i n g  edges. 
Each 1 i n e  i s  d i v i d e d  i n t o  a s e r i e s  o f  smal l ,  s t r a i g h t  segments (near-wake r e g i o n )  and one 
semi - i n f i n i  t e  vo r t ex  J i n e  (far-wake r e g i o n ) .  The upstream end o f  each segment represen ts  
a  c o n t r o l  p o i n t  o f  t h e  wake sur face  where t h e  k inemat ic  and dynamic boundary c o n d i t i o n s  
are s a t i s f i e d .  The i n i t i a l  p o s i t i o n s  and shapes o f  these l i n e s  a re  p resc r ibed .  The 
r e s u l t i n g  model i s  shown i n  Figure 2b. Th i s  model has an unknown c i r c u l a t i o n  d i s t r i b u -  
t i o n  and a  wake t h a t  can be deformed t o  satisi:y t h e  boundary cond i t i ons .  
The model descr ibed above i s  used t o  so lve  t h e  s teady- f low problem by s a t i s f y i n g  t h e  
cor responding boundary cond i t i ons  g iven  i n  Sect ion 111.1. On the o t h e r  hand, i f  t h e  
problem under cons ide ra t i on  i s  f o r  an unsteady f l o w  which s t a r t s  f rom a steady f l o w  
s i t u a t i o n ,  then  the  s o l u t i o n  o f  t h e  s teady- f low problem serves as an i n i t i a l  c o n d i t i o n  t o  
t h e  unsteady problem. Furthermore, i f  t h e  problem under cons ide ra t i on  i s  f o r  an unsteady 
f l o w  which a r i s e s  f r o m  an impu l s i ve  mot ion o f  t he  wing, then  t h e  i n i t i a l  c o n d i t i o n  
corresponds a l s o  t o  t h e  s o l u t i o n  of t h e  model g iven above, b u t  w i t h  t h e  wakes removed 
f r o m  t he  model. 
2.  C a l c u l a t i o n  o f  t h e  V e l o c i t y  F i e l d  
TO s a t i s f y  t h e  boundary cond i t i ons  on t h e  wing and i t s  wake and t o  c a l c u l a t e  t h e  
su r face  p ressure  d i s t r i b u t i o n ,  one needs an accurate  method t o  c a l c u l a t e  t h e  v e l o c i t y  a t  
any f i e l d  p o i n t  Ti a t  any t i m e  s tep  tk. If the f i e l d  p o i n t  i s  o f f  the wing and i t s  wake, 
then  t h e  v e l o c i t y * i s  g i ven  by 
where 
i s  the induced velocity from a l l  t h e  vortex segments of the model. The  parameters on the 
riqht-hand side o f  equation (13) are  those of Biot-Savart's law2'+. The number o f  vortex 
segments n ( t k )  i s  a function of the time step t k  due t o  the growing vortex l a t t i c e  i n  the 
wake in the unsteady-flow problem. To avoid extremely large induced velocities,  an 
"a r t i f i c i a l  viscosity" i s  introduced (as  i n  ref.  25) in the form o f  an exponential 
multiplier which causes the induced velocity t o  approach zero as the vortex i s  approached. 
When the field point i s  an the wing surface or on the wake surface, one has t o  
account for the induced tangential velocity due to  the local strength of the vortex 
sheet. I n  Figure 2.c, we show the parame,ters involved i n  calculating the components of 
the induced tangential velocity i n  the  x and y directions a t  a point p for  a quadrila- 
teral vortex element i n  the xy-plane. With l inear interpolation, i t  i s  easy to  show that 
t hese  components are given by 
-I- 
where the arguments z = 0 and z = 0- correspond to  the  upper surface and the lower 
surface of the wing, respectively. Equations (14)  must be added t o  equation (12) i f  one 
i s  t o  calculate the pressure distribution on the upper and lower surfaces by using 
Bernoull i ' s  equation. Extension o f  equations (14)  t o  a general, quadrilateral vortex 
element i s  straightforward. 
3 .  Implementation of the Boundary Conditions 
a. Steady-F1 ow Problem 
The boundary conditions on the wing surface ~(7) and the wake surface w(F) are 
sat isf ied by an i te ra t ive  process. To i n i t i a t e  the i terat ive process, one needs t o  
prescribe an in i t i a l  geometry o f  t he  wake surface. I t  has been found from several 
numerical t e s t s  that the number o f  i t e ra t ive  cycles required t o  achieve the  solution can 
be reduced by an appropriate choice of the in i t i a l  geometry. T h i s  i n i t i a l  geometry 
depends on the problem under consideration and thus i t  varies from one problem to the 
other. 
For instance, the number o f  i t e ra t ive  cycles for the steady, symmetric-fl ow problem 
is  reduced by about 20% when the free-vortex l ines emanating frorn the 1ead4~g edge cre 
prescribed t o  be s t raight  lines pitched a t  one half the wing angle o f  attack. I n  a d d i -  
tion, those lines emanating from the t ra i l ing  edge are straight l ines pitched a t  one 
third the wing angle of attack. Here, the comparison is  made w i t h  respect t o  the number 
of i te ra t ive  cycles required for the same problem when a l l  the free-vortex l ines are 
prescribed t o  be also s t raight  l ines b u t  are pitched a t  an angle  eqdal t o  the wing angle 
o f  at tack .  
In  the case o f  a steadily,  rolling w i n q  a t  zero angle o f  attack, an appropriate 
1 in i t ia l  guess i s  found t o  be related t o  an angle o(F) = 
- tan-] lwxF]/~ . Were, we 2 in 
s p e c i f y  t h e  f r ee - vo r t ex  l i n e s  emanating f rom the edges o f  t h e  advancing s i d e  t o  be 
s t r a i g h t  l i n e s  p i t c h e d  a t  t he  angle  + f3 w h i l e  those emanating f rom the  edges of t h e  
reced ing  s i d e  t o  be s t r a i g h t  l i n e s  p i t c h e d  a t  t h e  ang le  - 0 .  
Next, the f low-tangency c o n d i t i o n  and t h e  s p a t i a l  conservat ion o f  c i r c u l a t i o n  a re  
a p p l i e d  a t  the c o n t r o l  p o i n t s  and node po in t s ,  resyectively, o f  t he  bound-vortex l a t t i c e .  
Thus, we o b t a i n  a s e t  of l i n e a r  a l g e b r i c  equat ions ' which y i e l d s  t h e  c i r c u l a t i o n  d i s -  
t r i b u t i o n  Ti. 
W i t h  t he  c i r c u l a t i o n  d i s t r i b u t i o n  known, t h e  k inenla t ic  and dynamic boundary condi- 
t i o n s  a t  t h e  con t ro l  p o i n t s  o f  t h e  f ree -vor tex  l i n e s  a r e  s a t i s f i e d .  For  steady f l o w s ,  
these two cond i t i ons  a re  combined i n t o  a s imple c o n d i t i o n  i n  which we r e q u i r e  t h a t  each 
v o r t e x  segment i n  t he  wake be a l i g n e d  w i t h  t h e  l o c a l  v e l o c i t y  a t  i t s  upstream end ( a  
c o n t r o l  p o i n t  on t h e  wake surface).  Th i s  means t h a t  each vo r t ex  segment i s  a segment o f  
a s t r e a m l i n e  (k inemat i c  c o n d i t i o n ) .  Moreover, i t  means t h a t  t h e  force on each vo r t ex  
segment i s  zero accord ing t o  Kutta-Joukowski theorem i n  t he  smal l  (dynamic c o n d i t i o n ) .  
Th i s  process i s  c a r r i e d  ou t  by c a l c u l a t 4 i n g  the  downstream end o f  each vo r t ex  segment 
accord ing  t o  
where F. and Tjtl a re  the p o s i t i o n  vec to r s  o f  t h e  upstream and downstream ends, re- J 
s p e c t i v e l y ,  t .  i s  t h e  segment l e n g t h  and vk i s  t he  v e l o c i t y  a t  i t s  upstream p o i n t  
.I 
r equa t i on  (12) f o r  s teady f lows].  
The i t e r a t i o n  scheme moves back and f o r t h  f rom t h e  c o n t r o l  p o i n t s  o f  t he  bound- 
vo r t ex  l a t t i c e  t o  t he  c o n t r o l  p o i n t s  o f  t h e  f r ee - vo r t ex  l i n e s  u n t i l  convergence i s  
achieved. Me cons ider  t h e  i t e r a t i o n  scheme converged when t h e  v a r i a t i o n  i n  the  c i r cu -  
l a t i o n  d i s t r i b u t i o n  or t h e  displacement o f  the downstream ends o f  the  f r e e - v o r t e x  segment 
between two successive i t e r a t i  on cyc l es  does n o t  exceed a  c e r t a i n  pimescr i  bed t o 1  erance. 
Once convergence i s  achieved, we c a l c u l a t e  t h e  p ressure  d i s t r i b u t i o n  and the  t o t a l  l oad  
c o e f f i c i e n t s .  
b. Unsteady-Fl ow Prob l  etn 
Here, we cons ider  the problem o f  unsteady f l o w  which s t a r t s  f rom a steady f l o w  
s i t u a t i o n .  We r e c a l l  f rom Sec t ion  111.2 t h a t  the cont inuous mot ion o f  t h e  wing i s  
d i s c r e t i z e d  i n t o  a s e r i e s  of impu ls i ve  changes occu r i ng  a t  d i s c r e t e  t ime  steps. A t  each 
time s tep  t a s e t  o f  s t a r t i n g  v o r t i c e s  develops a long  t h e  edges o f  separa t ion  and a re  k ' 
shed w i t h  t h e  l o c a l  v e l o c i t i e s  t o  r e s t o r e  t h e  smoothness o f  f l o w  a t  t h e  edges ( K u t t a  
c o n d i t i o n ) .  I n  t he  same time, t h e  s t a r t i n g  v o r t i c e s  shed i n  the wake a t  e a r l i e r  t ime  
steps a r e  convected downstream w i t h  t he  local v e l o c i t i e s  w i t h o u t  changing t h e i r  s t reng ths ,  
T h i s  process s a t i s f i e s  t he  k inemat ic  c o n d i t i o n  on the  wake ( a  wake element moves a long  
the d i r e c t i o n  o f  t he  l o c a l  v e l o c i t y )  and i t  a l s o  s a t i s f i e s  t he  dynamic c o n d i t i o n  on t he  
wake ( a  wake element s a t i s f i e s  Kel vin-Helmhol t z  theorem). 
The p o s i t i o n  o f  any shed vo r t ex  7 a t  any t ime  s t e p  tk i s  determined by j 
where tk-l i s  the preceding t ime s tep  and 8. i s  g i ven  by equa t ion  (12) .  The s t r e n g t h  of 
.1 
any newly shed vor tex  i s  related t o  the  change i n  t h e  bound c i r c u l a t i o n .  Hence, w i t h  t h e  
p o s i t i o n s  of the  shed v o r t i c e s  known from equa t ion  (16)  and w i t h  the s t rength  o f  t h e  
newly shed v o r t i c e s  g iven  i n  terms of t h e  change o f  the bound c i r c u l a t i o n ,  t he  f low 
tangency c o n d i t i o n  a t  t he  c o n t r o l  p o i n t s  of t h e  wing y l e l d s  t h e  unknown c i r c u l a t i o n  
d i s t r i b u t i o n .  To account f o r  t h e  e r r o r  i n  equat ion (16)  because o f  us i ng  t h e  v e l o c i t y  
- 
(7cj gtk-, a t  t h e  preceding t ime s tep tk-, ra ther  than  t he  c u r r e n t  t ime  s t e p  t k' an 
i t e r a t i o n  procedure s i m i l a r  t o  t h a t  o f  the -s teady- f low problem i s  p e r f o r n i ~ d .  In this 
regard, an a1 t p r n a t i v e  equa t ion  was g i ven  by S~rnrna?~.  
I n  both t h e  steady and unsteady f l ows ,  t he  o n l y  d i f f e r e n c e  between t h e  symmetric and 
asymmetric problems i s  t h e  longer  computat iona l  t ime  requ i r ed  f o r  t he  l a t t e r  problem as 
compared t o  t h a t  o f  the former  problem. I n  the former  problem. we need o n l y  t o  use h a l f  
t h e  wing t o  o b t a i n  t he  s o l u t i o n  because o f  t he  symmetry o f  t he  Flow. I n  t he  l a t t e r  
problem, t h e  whole wing must be used t o  o b t a i n  t h e  s o l u t i o n .  
4. ~ a l  c u l a t i o n  o f  t he  Pressure C o e f f i c i e n t s  
The d i s t r i b u t i o n  of t h e  pressure c o e f f i c i e n t  on t h e  upper and lower  sur faces o f  t he  
wing i s  c a l c u l a t e d  by us i ng  B e r n o u l l i ' s  equa t ion  i n  terms o f  a w ing - f i xed  f rame  o f  
re ference2 7. .- 
where 
d C  
r: i s  the p o s i t i o ~  v e c t o r  o f  t h e  c o n t r o l  p a i n t ,  the  p o s i t i v e  and nega t i ve  s u p e r s c r i p t s  J 
r e f e r  t o  t h e  upper sur face and lower  surface o f  t h e  wing, r espec t i ve l y ,  and 74, Ti 
- 
TX 
and V, are  g iven  by equat ions ( 1  3) ,  ( 1  4a) and (1 4b),  r e s p e c t i v e l y .  The pressure i s  
c a l c u l i t e d  a t  t h e  c o n t r o l  p o i n t s  o f  the  bound-vortex l a t t i c e  because these a r e  t h e  
po in t s  where t he  f l o w  tangency c o n d i t i o n  i s  enforced. 
I n  t h e  s teady- f low problem, t h e  l a s t  term o f  t h e  r i gh t - hand  s i de  o f  equa t ion  (17)  
i s  zero and a l l  the  o t h e r  terms a re  t ime  independent. Hence, ca l cu l a t - i ng  t he  pressure on 
t h e  upper and lower  sur faces i s  s t r a i gh t f o rwa rd .  But  i n  the  unsteady- f low problem, we 
need t o  c a l c u l a t e  t h i s  te rm i f  the pressure  c o e f f i c i e n t  i s  r equ i r ed  on each of t h e  upper 
and lower  surfaces. To c a l c u l a t e  t he  l o c a l  r a t e  o f  change o f  t h e  d is tu rbance  v e l o c i t y  
p o t e n t i a l ,  we need t o  know the  v e l o c i t y  p o t e n t i a l  a t  t h i s  l o c a t i o n  a t  two success ive tinre 
s  tcps by i n t e g r a t i n g  t he  v e l o c i t y  f rom an und is tu rbed  p o s i t i o n .  Because o f  t he  l ong  
computat ional  t ime invo lved ,  we o n l y  c a l c u l a t e  t he  n e t  pressl l re f o r c e  on the wing i n  t he  
unsteady- f low problem. However, c a l c u l a t i o n s  o f  t h e  pressure d i s t r i b u t i o n  an t h e  upper 
and lower su r faces  a re  now under cons ide ra t i on  because i t  i s  necessary f o r  any boundary- 
l aye r  c a l c u l a t i o n s .  
The net pressure c o e f f i c i e n t  i s  g i ven  by 
The t o t a l  - l o a d  c o e f f i c i e n t s  a re  ob ta ined  by i n t e g r a t i n g  t he  net  pressure c o e f f i c i e n t  on 
t he  wing. 
NUMERICAL RESULTS 
- .- -.--- 
H computer code w h i c l ~  accounts f o r  thc  gs:-eral  f t r r n l ! l a t i on  presented here i r  delte- 
loped. The code can be ilsea t o  so lve steady, unsteady, symmetric o r  asynlmetric f l a w  
problems. Typ i ca l  r e s u l t s  obta ined w i t h  t h i s  code a re  presented i n  t h i s  sec t i on .  The 
requ i r ed  computat ion t ime  and convergence s tud ies  a re  d iscussed i n  re fe rences  7-11 and 
13-16. 
S t e a d i l y  R o l l i n g  Wiig at, Zero Angle o f  A t t ack  1.  - 
I n  Figures  3-5 we show t y p i c a l  s o l u t i o n s  o f  t he  f r ee - vo r t ex  l i n e s  o f  a d e l t a  wing 
(A!? = 0.7) a t  d i f f e r e n t  r o l l i n g  v e l o c i t i e s  0.2, 0.4 and O.G. I n  each f i g u r e ,  a th ree-  
dimensional view and a p l a n  view a r c  given. The t r aces  o f  t he  h e l i c a l  v o r t e x  cones a r e  
i n d i c a t e d  an t he  upper view which show t h a t  t he  cones a re  ant isymmetr ic .  The s i t e  o f  t h e  
cone increases and i t  r o l l s - u p  more r a p i d l y  w i th  i nc reas ing  t h e  r o l l i n g  ve1ocil.y. T h i s  
i s  i n  agreement w i t h  t he  exper imental  r e s u l  t s '  3 .  
F i y r d  *< shows t he  spanwise pressure d i s t r i b u t i o n  on the upper and l owe r  su r faces  a t  
t h e  chor3dr*isk ~ * - ~ : c n  x/c, = 0.778, t h e  p resen t  r e s u l t s  a r e  compared w i t h  t h e  expe r i -  
mental r e i l l i  t 7; Harvey2" and the  t h e o r e t i c a l  models o f  re ferences 18 and 20. A r e -  
markable abreement can be seen between t h e  p resen t  r e s u l t s  and t h e  exper imenta l  ones. 
The methods o f  re ferences 18 and 20 obv ious l y  overest imate t h e  suc t i on  pressure peak and 
t h i s  i s  a t t r i b u t e d  t o  t h e  s i m p l i f i e d  r e p r e s e n t a t i o n  o f  t h e  separated f l o w .  
2. Yawed Wing a t  an Angle o f  -- Attack 
I n  F igures  7-12 we ~ ~ h o w  the  e f f e c t  o f  the yaw angle on t h e  f ree-vor tex l i n e s  and 
pressure d i s t r i b u t i o n s  o f  a d e l t a  wing (AR = 0.7, a = 15"). 
The p l a n  views i n  F igures 7, 9 and .I1 show t h a t  t he  s i z e  o f  vo r t ex  cone emanating 
f rom the  windward s i d e  o f  t h e  wing increases w h i l e  t he  s i z e  o f  t h e  cone f rom the  leeward 
s i de  decreases. The former cone moves i nboa rd  w h i l e  t h e  l a t t e r  cone moves outboard.  
The corresponding e f f e c t  on t he  spanwise pressure d i s t r i b u t i o n  a t  t h e  chordwise 
s t a t i o n  x /cp = 0.395 and comparisons w i t h  t h e  r e s u l t s  o f  P u l l i n l '  and t h e  exper imenta l  
r e s u l t s  o f  Harveyp2 a re  g iven  i n  F igures 8, 10 and 12. When t h e  angle  o f  yaw increases,  
t he  suc t i on  pressure peak on t h e  windward s i d e  increases w h i l e  t h a t  on t h e  leeward s i d e  
decreases. The present  results art; i n  a  good agreement w i t h  t h e  exper in iental  ones. 
P u l l  i n ' s  r e s u l t s  overest i rnatos t h e  s u c t i o n  peak an t h e  wiqdward s ide  o f  t h e  wing and i t  
shows t h a t  t he  e r r o r  increases w i t h  i n c r e a s i n g  t h e  angle  o f  yaw. 
3.  Uns tead i l y  R o l l i n g  - Wing - a t  Zero Angle o f  A t t ack  
I n  F i g u r e  13 we show the f r ee -vo r t ex  l i n e s  a t  t h r e e  successive t ime  s teps  f o r  a 
d e l t a  wing undergoing an unsteady r o l l i n g  mot ion  g iven  by w = 0.6 + 0.1 s i n ( ~ t / G ) .  The 
X 
s t a r t i n g  v o r t i c e s  shed f rom the  edges o f  sepa ra t i on  and l a t e r  convected downstream can be 
seen i n  each view. 
F i gu re  1 4  shows t h e  spanwise pressure d i s t r i b u t i o n  ?t t h e  chordwise s t a t e  x/c, = 
0.65 a t  d i f f e r e n t  t ime  s t e p s .  The v a r i a t i o n  o f  t h e  rol l ing-moment c o e f f i c i e n t  C, w i t h  
t h e  f requency o f  the  s i nusa ida l  v a r i a t i o n  of tk,e r o l l i n g  v e l o c i t y  R i s  g i ven  i n  F i gu re  
15.  I n  t h p  i n i t i a l  t ime  s teps,  we n o t i c e  t h a t  t h e  r o l l  ing-moment c o e f f i c i e n t  decreases 
as the f requency increases. fin all,^, t h e  v a r i a t i o n  o f  t h e  r o l l  ing-moment c o e f f i c i e n t  
w i t h  t h e  r a t e  o f  r o l l  i s  shown i n  F i g u r ~  16. 
V I .  . CONCLUDING -.. REMARKS 
We have presented b genera 1 , nor11 inear, d i  screte-vortex method f o r  the 1 i f t i  ng 
surfaces. The method i s  applied t o  d e l t a  wings undergoing different motions. The 
results are compared with several results o f  other investigators and with t h e  experi- 
mental results of Harvey. They show t h a t  the present method prov ides accurate results 
which could n o t  be obtained by t he  existing approximate methods. Moreover, the present 
~ e t h o d  i s  no t  restricted by any geometrical parameter of the l i f t i n g  surface. Moreover, 
i t  i s  exact because i t  i s  f ree  from any small-disturbance assumption or my corresponding 
1 ineariration. 
REFERENCES 
Brown, C. E. and t l i chae l ,  W. ti., "On Slcndcr  D e l t a  Wings w i t h  Leading-Edge Separa- 
t ion, "  NACA Tech, Note 3430, A p r i l  1955, 
Mangler, K. \I. dnd Smith, J .  1 1 .  D., " A  Theory o f  t h e  Flow Past  a Slender De l t a  \ding 
w i t h  Leading-Edge Separation,' ' Proc. Rosy, Soc. Lond. A, 251, 1959, pp. 200-217 
Smith, J . H. a,. , "Ilnproved Cal c u l d t i o n s  o f  Leadi ng-Edge Separat ion f rom Slender 
D e l t a  k ~ i n g s , " ' P ~ o c .  Roy. Soc. Lond. A, 306, 1968, pp. 67-90. 
Be lo t se r kovsk i i ,  S. M., l 'Ca lcu la t ion  o f  t h e  Flow Around Wings o f  A r b i t r a r y  Planform 
over  a Wide Ranqe of Angle o f  At tack, "  NASA TT F-12, 391, May 1969. 
Kehhach, C. ,  " C a l c u l a t i o n  o f  Flow Around Zero-Thickness Wings w i t h  Evo lu te  Vortex 
Sheets," NASA TT F-15, 183, 1973. 
Rehbach, C ,  , "Numerical I n v e s t i g a t i o n  o f  Vor tex Sheets I s s u i n g  f rom Separat ion L i ne  
Near t h e  Leadinq Edge," NASA TT F-15, 530, 1974. 
Kand i l ,  0. A,, " P r e d i c t i o n  of t h e  Steady Aerodyna~nic toads on L i f t i n g  Sur faces 
Having Sharp-Edge Separat ion,"  Ph. D. D i s s e r t a t i o n ,  Dept. o f  Engr. Sc i  . and Mechan- 
i c s ,  V i r g i n i a  Po ly techn ic  1nr;t.itut.e a n t  Stat:: U n i v e r s i t y ,  Dec. 7974. 
Kand i l  , 0. A,, Mook, D. T, and Nayfeh, A. I-!. , "Nonl inear  P r e d i c t i o n  o f  t he  Aero- 
dynamic Loads on L i f t i n g  Surfaces," J .  of A i r c r a f t ,  Vo l .  13, No. 1, January 1976, 
pp. 27-28. 
Kand i l ,  0. Amy Mook, D. T. and Nayfeh, A. H e y  "Subsonic Loads on Wings Having Sharp 
Leading Edges and Tips,"  J .  of A i r c r a f t ,  Vol. 13, No. 1, January 1976, pp. 62-63. 
Kand i l ,  0. A,, Mook, D. T. and Nayfeh, A. H., "New Convergence C r i t e r i a  f o r  t h e  
V o r t e x - L a t t i c e  Models of t he  Leading-Edge Separat ion,"  NASA SP-405, No. 16, May 
1976, pp. 285-300. 
Kand i l ,  0. A. ,  Mook, D. T. and blayfeh, A. H . ,  " A  Numerical Technique f o r  Computing 
Subsonic Flow Past Three Din~ens ional  Canard-Wing Conf igu ra t ions  w i t h  Edge Separa- 
t i on , "  AIAA Paper No. 77-1, January 1977. 
Be lo t se r kovsk i i ,  S.  M. and N i s h t ,  M. I., "Nonstat ionary  Non l inear  Theory of a Th in  
bling of A r b i t r a r y  Planform," F l u i d  Dyn. 9 ( 4 ) ,  1974, pp. 583-589. 
A t t a ,  E. H., "Unsteady Flak" Over A r b i t r a r y  Wing-Planforms I n c l u d i n g  T i p  Separation," 
M.S. Thesis,  Dept. o f  Eng ineer ing  Science and Mechanics, V i r g i n i a  Po ly techn ic  I n s t i t u t e  
and S t a t e  U n i v e r s i t y ,  March 1976. 
A t t a ,  E. H., Kandi l  , 0. A .  , Mook, D, T. and Playfeh, A. H., "Unsteady Flow Past I.;i,:gs 
Having Sharp-Edge Separat ion,"  HAS? SP-405, No. 22, May 1976, pp. 407-418. 
A t t a ,  E.  kt. Kandi l ,  0. A., Maok, D.  T. and Nayfeh, A. ti., Unsteddy Aerodynamic Loads 
on A r b i t r a r y  Wings I n c l u d i n g  Wi ng-Ti p and Leading-Edge Separat ion,  'I A I A A  Paper No. 
77-156, January 1977. 
Kand i l ,  0. A., Mook, D. T. and Nayfeh, A. \I., " A p p l i c a t i o n  o f  t h e  Nonl inear  Vortex- 
L a t t i c e  Concept t o  A i  r c r a f t - I n t e r f e r e n c e  Problems," Advances i n  Engineer ing Science, 
VO? . 4, NASA CP-2001, NOV. 1976, pp. 1321-1330. 
P u l l i n ,  0. I., "Ca l cu la t i ons  of the Steady Conica l  F low  Pas t  a Yawed Slender De l t a  
Wing w i t h  Leading Edge Separation," Impe r i a l  C o l l  ege o f  Science and Techno1 ogy, 
Lond., I.C. Aera Report  72-17, J u l y  197%. 
Hanin, M. and Mishne, D., "Flow About a R o l l i n g  Slender Wing w i t h  Leading Edge 
Separat ion,"  I s r a e l  Journa l  o f  Technology, Vol .  11, No. 3, 1973, pp. 731-136, 
Jones, I. P., "Flow Separa t ion  From Yawed D e l t a  Wings," Computers and F lu i ds ,  Vol . 
3, 1975, pp. 155-177. 
Cohen, M. J. and Nitnr i ,  D. ,  "Aerodyn?.fnics of Slender R o l l i n g  Wings a t  Inc idence i n  
Separated Flow," A I A A  Journa l ,  Voi. 14, NG. 7, J u l y  1976, pp. 886-893, 
F i nk ,  P. T., "Some E a r l y  Exper i~nents  on Vor tex Separat ions,"  B r i t i s h  I? & M No. 3489, 
1967. 
Harve,y, J. K., "Some Measurements on a Yawed Slender De l t a  Wing w i t h  Leading Edge 
Separat ion,"  B r i t i s h  ARC Report  20451, 1958. 
23 .  Harvey, J . K., " A  Study of the Flow F ie f  d Associated w i t h  S tead i l y -Ro l l  i n g  Slender 
De l ta  Wing," Journal o f  t h e  Royal Aeronautical Society, Vol. 68, Feb. 1964, pp. 106- 
110. 
24. Karamcheti , K. PRINCIPLES OF IDEAL-FLUID AERODYNAMICS. John N i l  ey and Sons, I nc .  , 
N.Y. 1966. 
25. Yager, P. M,, Holland, C .  H., and Strand, T., "Modi f ied Weissinger L i f t i n g  Surface 
Method f o r  Ca l cu la t i ng  Aerodynamic Parameters of A r b i t r a r y  Wing-Canard Conf igur- 
a t i o n ~ , ~ '  A i r  Veh ic le  Corporation, La Jol l a ,  Cal i f . ,  Rept. 354, August 1974. 
26. Summa, J. M., "Po ten t i a l  Flow About Three-Dimensional L i f t i n g  Conf igurat ions w i t h  
App l i ca t i on  t o  Wings and Rotors," AIAA Paper No. 75-126, 1975. 
27. Kochin, N. E., K i  be1, I. A., Roze, N.V.  THEORETICAL HYDRODYNAMICS, In te rsc ience-  
Wiley, New York, 1964. 
ACKNOWLEDGEMENT 
This  work was supported by the  NASA Langley Research Center under Grant NGR 47-004- 
090, Dr. E. C .  Yates, bfonitor. 
F i q .  1 .  I ! i nq - f i xed  frame of reference ( x y z )  and  Euler's 
Angles (u,C,y). 
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F ig .  6. Upper and lower, spanwise pressure d i s t r i b ~ l t i o n  on a 
steadily rolling d e l t a  wing. wx = - 0.2, a = 0, 
3 x D bound l a t t i c e ,  AR = 0.7, x/cr = 0.770. 
F i g .  7. Glake shape o f  a d e l t a  wing i n  a steady symmetric f law,  
a = 15" ,  B = '3.0, 8 x 3 bound l a t t i c e ,  A9 = 0.7. 
F i g .  8. Net  spanwise pressure distribution on a delta wing, 
a = 15", B = 0, 8 x 8 bound lattice, AR = 0.7, 
x/c, = 0.395. 
Fig.  9. \lake shape o f  a yawed d e l t a  wing a steady f l ow ,  
a = 1 5 O ,  B = 5", 8 x 8 bound l a t t i c e ,  AR = 0.7. 
F i g .  10. Net spanwise p ressu re  distribution on a yawed d e l t a  
wing, = 75", f i  = S", 7 x 8 bound lattice, AR - Q . 7 ,  
x/c, = 0.395. 
F i g .  11. Nake shape o f  a yawed d e l t a  wing I n  a steady f l o w ,  
u = 15", B = l o o ,  0 x 8 bound l a t t i c e ,  AR = 0.7. 

Fig. 1 3 .  tfake shape o f  an unsteadily ro ' i l inq  de l ta  wing, 
r , ~  = - 0.6 - 0.1  s i n ( ? : t / G ) ,  tr = On, 6 x 6 bound 
x 
f a t t j c e ,  AR = 0.7. 
F i g .  14. V a r i a t i o n  o f  the net spanwise pressure d i s t r i b u t i o n  
w i t h  t ime on an unsteadily rolling delta wing, 
w = - 0.4 - 0.1 s i n ( v t / 4 ) ,  a = O 0 ,  6 x 6 bound X 
lattice, AR = 0.7, x/c ,  = 0.65. 
i s .  15 .  V a r i a t i o n  o f  t h e  rolling-moment c o e f f i c i e n t  w i t h  t h e  
frequency o f  r o l l  i n g  v e l o c i t y  o f  an unsteadily roll i n g  
d e l t a  wing, r.1 = - g.4 - 0.1 sinGt, a = g o ,  6 x 6 
X 
bound l a t t i c e ,  AR - 0.7. 
3 ? 
F i g .  16. V a r i a t i o n  o f  the rolling-moment c o e f f i c i e n t  w i t h  t h e  
mean rate o f  roll o f  an unsteadily rolling d e l t a  wing, 
W = Wax X - 0.1 s i n f i t ,  a = O " ,  6 x G bound l a t t i c e ,  3 2 
AR = 0.7. 
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The nonlinear discrete-vortex method has been extended t o  t r e a t  t he  problem of 
asymmetric flows pas t  a wing w i t h  leading-edge separation, including steady and 
unsteady flows. The problem i s  formulated in terms o f  a body-fixed frame o f  reference1 
and the nonlinear discrete-vortex method is  modified accordingly. Although the  methodl 
i s  general,  only examples o f  f lows past de l t a  wings are  presented due t o  the avai l -  1 
a b i l  i t y  o f  experimental d a t a  as well as approximate theories.  Comparison of our 
results w i t h  the experimental r e su l t s  o f  Harvey fo r  a de l t a  wing  undergoing a steady 1 
ro l l ing  motion a t  zero angle o f  at tack demonstrates the  super ior i ty  o f  t h e  present [ 
method over ex i s t i ng  approximate theories in o b t a i n i n g  highly accurate 1 oads. I 
Numerical  r e su l t s  for yawed wings a t  large angles o f  a t t a c k  are a lso  presented. in 1 
a l l  cases, total- load c o e f f i c i e n t s ,  pressure d i s t r i b u t i o n s  and  shapes of tbe f r e e -  
v o r t e x  sheets are  shown. 
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